Pairs of additive equations II. Large odd degree  by Cook, R.J
JOURNAL OF NUMBER THEORY 17. 8S92 (1983) 
Pairs of Additive Equations 
II. Large Odd Degree 
R. J. COOK 
Department of Pure Mathematics, University of ShefJield, Shefield SIO 2TN. England 
Communicated by D. J. Lewis 
Received November 12, 198 1; revised March 8, 1982 
Let k be an odd positive integer. Davenport and Lewis have shown that the 
equations 
a,xt + ... +a,v.xi.=O. 
b,x;+ ... +b,&=O. 
with integer coefficients, have a nontrivial solution in integers x, . . . . . xy provided 
that 
N> 136klog6k]. 
Here it is shown that for any E > 0 and k > k,,(e) the equations have a nontrivial 
solution provided that 
N>(&+ej klogk. 
1. INTRODUCTION 
Throughout this paper we take k to be an odd positive integer and let 
and G(x) = + b,xf , 
,r, 
(1) 
where the coefficients are integers. Davenport and Lewis [6] remarked that it 
should be possible in principle to show that the equations 
F(x) = G(x) = 0 (2) 
have a nontrivial solution in integers provided that 
(i) Na 2kZ + 1; 
(ii) they have a real nonsingular solution; 
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(iii) for each prime p they have a nonsingular p-adic solution; and 
(iv) if the degree is even, then each form IF + ,uG, where ,I and p are 
not both 0, contains a reasonable number of variables explicitly. 
The condition N > 2k2 + 1 is a natural analog of Artin’s conjecture. 
Results of this strength have been established for two additive equations 
when the equations are quadratic, see Cook [2], or cubic, see Davenport and 
Lewis [5], Cook [3] and Vaughan [lo]. For large values of k a more general 
result of Davenport and Lewis [7], that 9R2k log 3Rk variables are sufficient 
for R additive equations of odd degree k, shows that 2k2 + 1 variables are 
sufficient when k > 119. 
THEOREM 1. Let k > 19 be an odd integer and N > 2k2 + 1, then the 
equations (2) have a nontrivial solution in integers. 
The proof of Theorem 1 depends upon the existence ofp-adic solutions for 
every prime p, and this is assured by a result of Davenport and Lewis [6]. 
For large values of k, fewer variables are needed for p-adic solutions. 
THEOREM 2. Let E > 0 and let k > ko(e) be an odd integer. If 
N> (&+e)klogk (3) 
then Eqs. (2) have a nontrivial p-adic solution for every prime p, 
The existence of solutions of (2) in rational integers is deduced from 
Theorem 2 by an application of the Hardy-Littlewood method, which 
requires the existence of nonsingular p-adic solutions. However, Theorem 2 
will imply the existence of nonsingular p-adic solutions unless many of the 
ratios a,/b, are equal, and in that case simple arguments show that Eqs. (2) 
have a nontrivial solution in integers. 
THEOREM 3. Suppose that k > 12 is odd and that for every prime p 
Eqs. (2) have a nonsingular p-adic solution. Let 1 be the least integer such 
that 
2k- 1 
’ 2k3(210gktloglogkt3)’ 
Then Eqs. (2) have a nontrivial solution in rational integers provided that 
N>41+4k-2 (5) 
and every member of the pencil IF f pG (A, ,u # 0,O) contains at least 
2(1 + k - 1) variables explicitly. 
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This is the analog for two additive forms of a result of Davenport and 
Lewis [4] for a single additive form. Their method appears to generalize at 
the same strength because it is possible to sort out two-dimensional vectors 
into linearly independent sets, a problem which becomes more difficult in 
three dimensions. For any E > 0 and k > ko(c), with a new value of k,, 
Theorem 3 shows that 
N>(8+~)klogk (6) 
variables are sufficient for the analytic arguments to work. Finally 
Theorems 2 and 3 are used to prove the following result: 
THEOREM 4. Let E > 0 and let k > kg(c) be an odd integer. If N satisfies 
(3), then Eqs. (2) have a nontrivial solution in rational integers. 
Since the methods used closely follow those of Davenport and Lewis, at 
many stages the details are omitted and we merely restate the lemmas of 
Davenport and Lewis where changes in the argument occur. 
2. PROOF OF THEOREMS 1 AND 4 
For a single additive equation 
c,x: + -*- + c,x: = 0, (7) 
Davenport and Lewis [4] proved that k2 + 1 variables are sufficient provided 
that k > 18 or k < 6. More recently Vaughan [ 1 I] has shown that k2 + 1 
variables are also sufficient when 11 < k < 17. Suppose first that some form 
in the pencil AF + ,uG, where 1 and p are not both zero, contains t < k2 
variables explicitly. We take these t variables to be zero and solve a single 
equation in 
N-t>k*+ 1 
variables to obtain a nontrivial solution of the Eqs. (2). 
Now we may suppose that every form AF + ,uG (1, ,U # 0,O) contains at 
least k2 + 1 variables’ explicitly. It follows from Theorems 1 and 2 of 
Davenport and Lewis [6] that Eqs. (2) have nonsingular p-adic solutions in 
every p-adic field. A simple calculation now shows that Theorem 1 follows 
from Theorem 3. 
Equation (7) has a nontrivial solution in integers provided that 
s > max(G*(k), r*(k)), (8) 
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where G* and r* are defined in [4]. Davenport and Lewis [4] showed that 
for any E > 0 and sufficiently large k > kO(e) 
G*(k) < (4 + E) k log k. (9) 
For odd integers k, Chowla and Shimura [ 1 ] showed that 
limsupx<& 
k log k (10) 
and subsequently Tietaviinen [9] has improved the upper bound to l/log 2. 
Therefore for any E > 0 and suffkiently large odd integer k, Eq. (7) has a 
nontrivial solution in integers if 
s > (4 + E) k log k. (11) 
If N satisfies (3) and some member of the pencil LF + ,uG (A, p # 0,O) 
contains t < 2(1+ k - 1) variables explicitly, then we can obtain a nontrivial 
solution of (2) by solving a single equation in 
N-t>(4+c)klogk 
variables. On the other hand, if every form AF + ,uG (A, lu # 0,O) contains at 
least 2(Z + k - 1) variables explicitly, then Eqs. (2) have nonsingular p-adic 
solutions (this is proved by an argument similar to that of Davenport and 
Lewis [6, Theorem 21) and now Theorem 4 follows from Theorem 3. 
3. PRELIMINARY NORMALIZATION FOR THEOREM 2 
The proof of Theorem 2 requires a preliminary p-normalization, as in 
Davenport and Lewis [6]. Let 
B(F, G) = n (aibj - ajbi). 
i+j 
then, as in [6, Sect. 51, it is suffkient to prove Theorem 2 under the 
additional hypothesis that fI(F, G) # 0. Starting with a pair of forms F, G 
satisfying (3) and the additional condition B # 0 we obtain an equivalent p- 
normalized pair 
g=gO+Pgl + *” +P 
k-l 
gk-1, 
(12) 
and consider the sections f,, g, in n variables. The properties off,, g, that 
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we require are summarized in Lemma 1, which may be proved using the 
methods of Davenport and Lewis [ 5 ]. 
LEMMA 1. If N satisfies (3), then the forms f;, . g, satis$ 
0) 
(ii) each variable occurs in one at least off,, g, with a coeflcient not 
divisible by p; and 
(iii) if q denotes the minimum number of variables occurring in anv 
form A.fO + pg, (A, ,a f 0,O mod p) with a coeflcient not divisible bv p, then 
q> (&++gk. (14) 
It is now sufficient to show that for any additive forms f, and g, satisfying 
(i)-(iii) the equations 
f, = 0, go = 0 (15) 
have a nontrivial solution in the p-adic field. Let p’ be the exact power of p 
that divides the odd integer k and let 
y = y(k,p) = t + 1. (16) 
LEMMA 2. If k is odd and the congruelzces 
f,(x) = a,,x’; + ... + a,,,xi = 0 modp?, 
g,(x) = a,,x: + ... + a,,,xi = 0 modp?, 
(17) 
have a solution of rank 2 modp, then Eqs. (15) have a nontrivial p-adic 
solution. 
This is Lemma 9 of Davenport and Lewis 171, where “a solution of rank 2 
modp” means a solution x for which the matrix (aijxj) has rank 2 modp. 
4. PROOF OF THEOREM 2 
By a “solution” of the congruences modp we shall mean a solution with 
at least one variable xi not divisible by p. 
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LEMMA 3. Let k be odd, then congruences (17) are soluble with each 
xj = 0, + 1, or - 1 provided that 
2” > p? (18) 
This is a particular case of Lemma 2 of Davenport and Lewis [7]. the 
corresponding result for one congruence is due to Chowla and Shimura 111. 
LEMMA 4. Let s > 3, let c, ,..., c, be integers and let 
2+4/(s-2) p>k , (19) 
then the congruence 
c,x: + ... +c,xf-Omodp (20) 
has a solution with not all of x, ,..., x, divisible by p. 
Proof If any ci is divisible by p there is an obvious solution, so now we 
may suppose that none of the coefficients ci are divisible by p. Following 
standard arguments, see, for example, 17, Lemma 31 we can express the 
number ~ ! - of solutions of (20) in terms of exponential sums and find 
p-1 
1. $--ps-‘l <p-l 2: IT(c,u) ... T(c,u)(, 
where 
P 
T(cu) = 7’ ep(cux6), 
z, 
6 = (k,p - 1) and e,(0) = exp(2ni8/p). If p;(c, then 
IT(cu)l<(d- l)p’12 
so that 
1. t --pS-‘( <p-‘(p - l){(k - 1)~“‘)“. 
and therefore 6. > 0 if p satisfies (19). 
LEMMA 5. Let q > 0 and k > k,(q) be sufficiently large. When y = 1 
congruences (17) have a solution with not all of the xts divisible by p, 
provided that 
p > k2+” and a > 121) 
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Proof: When y = 1 congruences (17) are equivalent to a pair 
b,,xf + ... + b,,xz + b,,, ,xfi+, + ... + b,,xi = 0 modp. 117 \ 
b ’ 2rt1Xrc1 
where r = n - q. We apply Lemma 4 with 
S= 
*.. +b,,xk=Omodp. 
lLLl 
J/2 
I < dJ2, (23) 
so that for k > k,,(r) we have 4(s - 2)’ < rl and (19) is satisfied. 
We split the terms occurring in the second congruence shown in (22) into 
[q/s] bl oc s o k f 1 ength s, and a final block of length at most s - 1. For the 
first block we have a nonzero solution r,,..., r, of the congruence 
and taking 
bzr+, r: + e.. -t bzrts<t = 0 modp 
X rt 1 = t, r, ,..., x,+, = t, <, 
the corresponding terms in the upper congruence shown in (22) are 
(b,,,,t:+-. +b,,+,t;>t:=c,t:r 
say. We repeat this process for the [q/s] blocks of length S, and take the 
variables in the final block to be zero. The upper congruence in (22) 
becomes 
Lx: + -.+b,,xl:+c,t:+ . . . + c,. rz = 0 mod p, (24) 
where v= [q/s]>q . 1’2 Thus the number of variables in (24) is 
n - q + [q/s] > n - q + q’12 > s 
and so (24) has a nonzero solution which provides a nonzero simultaneous 
solution of congruences (22). 
LEMMA 6. Let [ > 0 and let k > k,,(c) be a suflciently large odd integer. 
Congruences (17) have a solution with not all of x, ,..., x, divisible by p 
provided that n > n,, where 
no= (&+i) logk. (25) 
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Proof: Suppose first that p j k, so that 
pY=p+ 1 <p” <k’. 
Then Lemma 3 ensures that congruences (17) have a suitable solution 
provided that 
2 
n > log 2 
__ logpY 
which will be satisfied if 
4 
n > log 2 
~ log k. 
If p(k, then y = 1. Let r7 = f[ and consider first a value p < k’+“, 
Lemma 3 shows that a suitable solution exists provided that 
n> (2+q)logk=n,. 
If p > k’+” then Lemma 5, with q = f[, will provide a suitable solution 
provided that 
so we may now suppose that 
4G ( 1 & lois k. 
Then if n > n, we have 
n-q>[logk. (26) 
Now congruences (17) are equivalent to a pair of the form (22) and taking 
xi = 0 for i = r + l,..., n, it is sufficient to show that the congruence 
b,,xf + ... + b,,xf = 0 modp 
has si nonzeto solution. Since r = n -q > [ log k the existence of such a 
solution is implied by Lemma 4, provided that k is sufficiently large. 
LEMMA 7. Let c > 0 and let k > k,(c) be a sufficiently large odd integer. 
Suppose that for every j either a,j or azj is not divisible by p. Suppose further 
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that an?’ form A,& + ,ug, (A, ,LI f 0, 0 mod p) contains at least n, coefficients 
not divisible by p, where n, is defined by (25). Then congruences (17) hape o 
solution of rank 2 mod p. 
This is essentially Lemma 7 of Davenport and Lewis [ 7 1, we have a new 
value for n, but that does not affect the proof. 
Thus if N satisfies (3), then q satisfies (14) and we can apply Lemma 7 
with c = s/2. It then follows from Lemma 2 that Eqs. (15) have a nontrivial 
solution in the p-adic Iield. 
5. PRELIMINARIES TO THE ANALYTIC METHOD 
We may assume that each variable xi ,..., x, occurs in (1) with at least one 
nonzero coefficient, since otherwise Eqs. (2) have an obvious solution. It is 
clearly sufficient to prove Theorem 3 when, as we shall assume henceforth, 
N=41+4k-2. (27) 
If any ratio aj/bj occurs more than 21+ 2k - 1 times, then the equations 
have a trivial zero so we may also assume that any ratio ai/bi occurs at 
most 21+ 2k - 1 times. Thus we can now renumber the variables so that 
and no value occurs more than 2k times amongst the 4k + 2 ratios 
a1 a4 a41+1 UN 
b,‘“” $ b,,,, ?..., G. (29) 
Since a, 6, - a,b, # 0 the linear equations 
al y1 + a.- + a4 Y4 + a4!+ I y41+ 1 + . . . + a, yN = 0, 
6, y, + ... +b,y,+b,,+,y,,+,+...+b,y,=O, 
(30) 
have a real solution with no yi zero. Replacing ai, bi by -ai, -bi in (2) if 
necessary, we may suppose that each yi > 0. 
Let P be large and positive. For j= l,..., 4,41+ l,..., N we choose 
constants ICY, A, so that, taking zl = yjlk. 
O  < Kj < zj < ;lj (31) 
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and Aj - ~~ is suitably small. We consider the number N(P) of solutions of 
(2) where the corresponding variables lie in the ranges 
KjP < xj < A,P. (32) 
For the remaining variables xi we use the technique of diminishing ranges, 
which stems originally from Lemma 22 of Hardy and Littlewood [8]. Let 
and p, = pP for v = l,..., 1. (33) 
We let the remaining variables xi range over the intervals 
Ujp12 < xj < AjP,, for j = 5,..., 41, (34) 
whereO<Kj<S,r=[(j+3)/4] andj>5. 
Let 
Aj = aja + bja for j = l,..., N (35) 
and 
T,(A) = 2 e(Axk), (36) 
where e(8) = exp(2ni8) and x ranges over an interval of the form (32) or 
(34), depending on the suffix j. Then the number N(P) of integer solutions of 
(2) in the box defined by (32) and (34) is given by 
N(P) = I1 J’ fi Tj(~j) da d/I. 
0 Oj=l 
(37) 
We use Vinogradov’s <-notation where the implicit constants are 
independent of P but may depend on F and G as well as other small positive 
parameters. 
6. THE MINOR INTERVALS 
As is usual in the Hardy-Littlewood method the unit square is divided up 
into major intervals, where a and /I both have good rational approximations, 
and the minor intervals m which consist of the rest of the unit square. Our 
choice of the major intervals is determined by the following estimate for 
trigonometric sums. 
90 R. J. COOK 
LEMMA 8. Let k > 12. Let Ai and Aj be linearly independent forms in u 
and /I with integral coefficients. Let the Tj(Ai) be sums of the form (36). 
Then either 
1 Ti(/ii) Tj(/lj)/ < P2-0+r’, (38) 
where rl is an arbitrary small positive number and 
P -‘=2k2(210gk+loglogk+3), (39) 
or a and /3 have simultaneous rational approximations A/Q, B/Q satisfying 
1 < Q < Pkp, (A,B,Q)= 1 
max(]a - A/QI, ID - B/QI) < Qp’P-k’kp. 
(40) 
(41) 
This is essentially Lemma 19 of Davenport and Lewis [7], we have a new 
exponent in (38) obtained by using Lemma 16 of their paper directly in the 
proof instead of via Lemma 17. This gives, with their notation, an exponent 
2 -p + a’, where 6’ is small with 6. Taking the number 6 sufficiently small 
we have 6’ < q. 
For 1 < Q < Pkp and any integers A, B, with 
O,<A,B<Q, 64,&Q>= 1 (42) 
we define the major interval M(A, B, Q) to consist of all those (a, /?) in the 
unit square, with the usual convention that any parts outside are translated 
mod 1, which have rational approximations satisfying 
la - A/Q1 < Q~lP-k’kp, I~-B/Q~ < Q-JP-,+~P. (43) 
Let M denote the union of all such major intervals, and take the minor 
intervals m to be the rest of the unit square. 
The choice of the diminishing ranges in (33) provides the other estimate 
needed to show that the contribution of the minor intervals is sufficiently 
small. 
LEMMA 9. We have 
I 1 41 
II rI I Tj(/lj)l da d/3 < (P, ... P,)‘. 0 Oj=I (44) 
This follows from Lemma 14 of Davenport and Lewis [7] and a 
straightforward application of the Cauchy-Schwarz inequality. 
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LEMMA 10. We have 
J ~ ITj(Aj)l dadp=O(P’) as P+ Co, (45) 
mj=l 
where 
a=4(1 +e+ .~.+0’-‘)+2k-2=4k(l-B’)+2k-2. (46) 
ProoJ We use Lemma 9 to estimate the contribution of those terms 
rj(Aj) with j < 41 as 
& (P, *.. p,)* = p2k(‘-@). (47) 
The remaining N - 4Z= 4k - 2 variables fall into 2k - 1 pairs xi, x,~ for each 
of which ai/bi # aj/bj. For each such pair we can apply Lemma 8 and, since 
of > 0 is arbitrary, see that 
max fi ]r,(~~)] < p4k--2--(2k--l)p+q 
m j=4/+1 
and the choice of 1 in (4) ensures that 
2k( 1 - 6”) + 4k - 2 - (2k - 1) p < 4k( 1 - 0’) + 2k - 2 (49) 
which completes the proof of Lemma 10 since q > 0 is arbitrary. 
7. PROOF OF THEOREM 3 
The treatment of the major intervals closely follows that of Davenport and 
Lewis [7] so only brief details are given. We’ begin by pruning the major 
intervals back to those truncated major intervals 
M,(A,B,Q)={(a,/?):]a-A/Q] <P-kfr,lp-B/Q(<P-ktT} (50) 
with 
1 <Q<P”, O<A,B,<Q, (A, Bt Q) = 1, (51) 
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where r and w are small positive constants. We obtain 
N(P)= 2: \’ 1.1 -~ .Mo,,,I H v, j:! ‘hAi) du dp + O(‘“) (52) 
Q-CA-’ 4. . 1 
as P+ 03. On these truncated major intervals we have a good approximation 
to the exponential sums Ti(Aj) (see [ 7, Lemma 27 1) and so obtain 
N(P) = SIP” + o(P”) as P-co. 
Here S is the singular series and Eqs. (2) have nonsingular p-adic solutions 
so S > 0, and Z is the singular integral and Eqs. (30) have a positive solution 
so Z > 0. Thus, for P suffkiently large, N(P) > 0 which completes the proof 
of Theorem 3. 
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